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We provide an infinity of spacetimes which contain part of both the Schwarzschild vacuum and 
de Sitter space. The transition, which occurs below the Schwarzschild event horizon, involves 
only boundary surfaces (no surface layers). An explicit example is given in which the weak and 
strong energy conditions are satisfied everywhere (except in the de Sitter section) and the dominant 
energy condition is violated only in the vicinity of the boundary to the Schwarzschild section. The 
singularity is avoided by way of a change in topology in accord with a theorem due to Borde. 
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Without a quantum theory of gravity the endpoint of 
complete gravitational collapse remains one of the central 
issues in physics. The idea of regular black holes (those 
without internal singularities) goes back at least forty 
years 1] and the idea of a transition to de Sitter space 
across a thin shell in the Schwarzschild vacuum has seen 
extensive discussion in the literature |2|]. However, the in- 
troduction of a thin shell is an approximation that allows 
properties of such a transition to be absorbed into prop- 
erties of the shell itself and so it is certainly of interest 
to explore regular black holes which do not contain thin 
shells. Relatively little work has been done in this area 
and it is this type of transition that is the subject of 
this work. Whereas our considerations are classical (and 
formal), regular black holes are of considerable interest 
from a non-classical viewpoint |j| . 

We consider the non-singular transition from the 
Schwarzschild vacuum (V) to de Sitter space (V ) by way 
of spacelike boundary surfaces (not surface layers) Si 
(below the horizon in Schwarzschild) and £2 (above the 
cosmological horizon in de Sitter) through a non- vacuum 
region M. Part of the resultant maximally extended 
spacetime is shown in FIG. ^ 

In this paper the singularity is avoided by way of a 
change in topology in accord with a theorem due to 
Borde p| . We summarize the theorem here and refer the 
reader to Borde's papers for details. Suppose that a fu- 
ture causally simple spacetime obeys the null convergence 
condition (the Ricci tensor R b a obeys R b a N a N b > for all 
null vectors N a ), is null geodesically complete to the fu- 
ture and contains an eventually future-trapped surface 
T (that is, the divergence along each null geodesic that 
emanates orthogonally from T becomes negative some- 
where to the future of T) . Then there is a compact slice 
to the causal future of T. As explained by Borde, it is the 
development of this compact slice that allows singularity 
avoidance |6(. 
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where d£l 2 is the metric of a unit 2-sphere (d9 2 + 
sin(6) 2 d<fr 2 ). Note that the metric (JTJ is not static. 
(Whereas £ Q = is a hypersurface-orthogonal Killing 
vector, it is spacelike.) For notational convenience, in 
both V and V write 



(fay = 



dr 2 



+ r 2 dn 2 - f(r)dt 2 , r < 2m(r) (2) 



where f(r) = 1 — 2m ( r > . Again for notational conve- 
nience, on Ei and £2 write 



R 2 dn 2 + d\ 2 . 



(3) 



Without loss in generality, we have taken 9 and <j> con- 
tinuous but note that the coordinates in V and V and 
on Ei and £2 are otherwise distinct. The fact that the 
coordinates used in are valid only in a neighborhood 
of £1 and £2 in no way limits our analysis. 
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FIG. 1: Global structure of part of the transition from 
Schwarzschild (V) to de Sitter space (V ) by way of boundary 
surfaces £1 and S2. M is not vacuum. There is no singularity 
because of the change in topology. The spacelike hypersur- 
face >S is compact (S 3 ) but the spacelike hypersurface S is 
not (S 2 xR). Thedia gram can be rotated about S to provide 
a geodesically complete extension. 



2 



The continuity of the first and second fundamental 
forms at Si and E 2 (the Darmois-Israel junction con- 
ditions jjj) result in the conditions 



and 



m r 
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(4) 



(5) 



(6) 



at E, where = ^ and * = 4-. These conditions must 
hold at both Si and Eg- We note that since m* = in V 
then <!> < at Si. Further, since m = in V , where 
A is the cosmological constant, $ > at E 2 . 

In the usual way, the energy density p and principal 
pressures pi and p 2 for M evaluate to 



— (Af + * r(2M-r)), 



2M 



Pi 



(7) 



(8) 



and 



pi, = + ($') 2 )r 2 (2Af - r) 



(9) 



+$ r(rM + M - r) + vM - M), 
where" indicates division by 87r. 

From equations ®, ®, O an d © it follows that 



and 
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From (|10|l we then have 



and 



A. 



(10) 
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Equations (|11|) and l|12fl make it clear that the dominant 
energy condition [l(j is necessarily violated in M. at least 
in the neighborhood of Si Equations l|ll|) and 113(1 
make it clear that the dominant energy condition need 
not be violated throughout M. or at least in the neigh- 
borhood of E 2 . Equations l|ll|) and i|12|) also show us 



that M < in M. in the neighborhood of Si for the 
weak (and null) energy condition to be satisfied. 

The degree to which energy conditions can be satisfied 
in M, subject to the boundary conditions specified, de- 
pends on $(r) and M(r). (In the de Sitter section the 
strong energy condition is of course violated.) Whereas 
one could demand isotropy of the pressure (and thereby 
solve for M(r)) we see no reason to do this here since, as 
explained above, the dominant energy condition is neces- 
sarily violated in at least a neighborhood of Si thus re- 
moving at least part of M. from normal classical physics. 
Rather, we are interested in the degree to which the en- 
ergy conditions must be violated and we content our- 
selves here with a simple example so as to explore this. 



Take 



and 



$(r) = (l-r 2 )(r 2 -2) 



Mix) = -. 
r 



(14) 



(15) 



It follows that r s is uniquely determined (^ 
(~ 0.451) and therefore A (= 12/4 



1.276) as 

is r S2 (~ U.451) and therefore A (= l^/rj J. The en- 
ergy conditions arc shown in FIG. where it can be seen 
that the weak, null and strong energy conditions hold for 
r E9 < r < r Si and even the dominant energy condition 
holds for r„ < r <^ 0.8 r„ . 




FIG. 2: The energy conditions in Ai. The energy density p 
is indicated by a cross, pi by a box and p~2 (which becomes 
a tension) by a circle. The solid curves give (top down at 
r = 0.6) (5 + pi, p + Pi +p~2 and p + p~2- Detail near Ei where 
the dominant energy condition fails is shown in the insert. 

Clearly there is an infinity of spacetimes which con- 
tain part of both the Schwarzschild vacuum and de Sit- 
ter space with the transition (below the Schwarzschild 
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event horizon) involving only boundary surfaces (no sur- 
face layers) . The simple example given above shows that 
it is not difficult to find examples in which the weak, null 
and strong energy conditions hold throughout (excepting 
of course in the de Sitter section) and the violation of the 
dominant energy condition is isolated. The singularity is 
avoided by way of a change in topology in accord with a 
theorem due to Borde [5j- 
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